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Threshold resonances and attendant diffraction
anomalies in quantum and other waveguides

A threshold resonance (TR) occurs in the quantum waveguide Ω = Π+ ∪Θ∪Π− at the threshold λ = Λm

of the continuous spectrum in the case when the problem

−∆xu(x) = λu(x), x ∈ Ω, u(x) = 0, x ∈ ∂Ω,

gets a non-trivial bounded solution ust which does not transfer energy to infinity (any bounded solution
in the case of the cutoff Λ1 of the continuous spectrum). TR is genuine (GTR) iff ust does not decay as
z → ∞, in other words, it is not a trapped mode utr. Here, Π± = {x = (y, z) : y ∈ ω,±z ≥ ℓ > 0} and
the “resonator” Θ is an open set in the layer {x : |z| < ℓ} such that Ω is a domain with a smooth (for
simplicity) boundary ∂Ω, and

0 < Λ1 < Λ2 ≤ Λ3 ≤ · · · ≤ Λm · · · ≤ → +∞

is the eigenvalue sequence of the Dirichlet Laplacian in the cross-section ω of the outlets Π±.

The Weinstein anomaly. Let Λm be a simple eigenvalue and let TR be met with multiplicity κ =
dim

(
Lst ⊖ Ltr

)
where the spaces Lst and Ltr are composed from solutions ust and utr respectively.

Clearly, k ≤ 2. Assuming the mirror symmetry of Ω over the plane {x : z = 0}, we consider the spectral
parameter λε = Λm + ε2, ε > 0 being small, and the wave wε

m(y, z) = eiεzUm(y), incoming in Π−. We
observe almost complete reflection of wε

m for k = 0, almost complete transition for k = 1 but again almost
complete reflection for k = 2. Here, the term “almost complete” means that all scattering coefficients
with exception of the indicated one get order ε.
An example of a waveguide with k = 2 is known in acoustics only.

The Wood anomaly. Let GTR with k = 1 appear at a simple threshold λ = Λm in Ω. The waveguide Ωε is
obtained from Ω by, e.g., regular perturbation of the boundary. If the increment of volume is positive, the
phenomenon of non-proportionally high rate of changes in the scattering matrix sε(λ) may emerge near
a point λ•

ε < Λm while λ•
ε → Λm − 0 as ε → +0. Procedures of sharpening and smoothing (eliminating)

this near-threshold anomaly are developed.

Embedded eigenvalues. The Wood anomaly surely vanishes in the case of a trapped mode utr
ε in Ωε gener-

ated by ust owing to GTR in Ω. In quantum and acoustic waveguides GTR can give rise to an embedded
eigenvalue only below the threshold Λm. Examples of elastic waveguides (an elliptic system of second-
order differential equations) and semi-infinite Kirchhoff plates (bi-harmonic equation of fourth order) are
constructed such that a specific small perturbation of the boundary leads to embedded eigenvalues above
the threshold.

Many questions about diffraction problems at near-threshold frequencies stay unsolved yet.
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